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ABSTRACT

We prove that a bounded semialgebraic function can be (piecewise) reparamet-
rized in such a way that all the derivatives up to a fixed order k, with respect to
new coordinates, are small, and the number of pieces is effectively bounded.

In the preceding paper [3], Volume growth and entropy, the proof of the main
theorems 1.4 and 2.1 was given only for the dimension ! of the simplex, equal to
one or two.

Here we complete the proof for any /. In fact we prove a stronger (and sharp)
inequality: for f: N— N, f€ C,

o ()= h()+ R(P)

where 2{/k of Theorem 1.4 is replaced by I/k (and respectively in Theorem 2.1).
The main result here concerns the possibility to reparametrize a given
bounded semialgebraic function in such a way that all the derivatives up to a
fixed order k, with respect to new coordinates, are small.
Since this result seems to be of independent interest, we try to introduce an
appropriate terminology, and to prove a result in a reasonably general form.

DEerFINITION 1. A semialgebraic set A CR™ is the set representable as a
result of a finite number of set-theoretic operations over sets of the form {g =0},
{g >0}, where g, g are the polynomials.

A set-theoretic formula of this representation together with the dimension m
and the degrees of polynomials g, g is called the diagram of this representation.
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In what follows, the diagram d(A) always means “the diagram of some
representation of A”.

It is well known that all the usual set-theoretic and topological operations with
semialgebraic sets lead to semialgebraic sets with the diagrams depending only
on the diagrams of the initial sets (see e.g. [1]).

DEFINITION 2. A semialgebraic mapping u: R' —>R™ is a closed semialgeb-
raic subset I', CR' X R™. The diagram d(u) is defined as d(T,).

The domain of definition D, CR' is #([,), where 7: R’ xR™ >R,

The norm |u| is defined as sup,ep. || ¥l

Below we use compositions of semialgebraic mapping, which in our general
setting can be defined as follows:

DermvTioN 3. Let u: R'—>R™, v: R™ —R? be semialgebraic mappings.
In R' XxR™ XR” consider I',=T, XR?, and I', =R’ xT,. Then the composi-
tion veu: R'—>R’ is defined by

I,..=7T.,NT)CR' xR, where 77: R' XR™ X R” - R' X R”.
By definition,
[.. ={(x,z)ER' xR |3y ER" such that (x, y) €T, (y,2)EL,},

so for usual mappings u, v, veu is a usual composition.
Clearly, d(veu) depends only on d(u) and d(v).

Below we always assume that semialgebraic mappings considered satisfy the
following additional restriction: for u: R'>R", dimT, = 1.
Let Q' CR' be the unit cube [0,1]". For p >0 let

Q. =[0,p1%[0,1]' CR,,
or, more generally,
Q.=[0,1]* x[0, p] x [0,1]7, q=0,1,...,1-1.
(In what follows the order of variables is important.)

DEFINITION 4. C*-reparametrization (k-rep.) is a semialgebraic mapping
¥: R™ —R", which is an analytic diffeomorphism of some neighbourhood of Q',
and

1) v(@QHCQ,

Q) |ld¢lle =1, s=1,..,k
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For p>0, p-small C* reparametrization ((p, k)-rep.) is a semialgebraic
mapping ¢: R' >R, which is an analytic diffeomorphism of some neighbour-
hood of Q,, and

1) ¢(@Q)CQ,

Q) ¢l =1, s=1,...,k

We say that the mapping ¢:R'—R' satisfies condition (*) if for each
i=1,...,[ 4R x2)CR Xz, z,z’ER'". Here

l

f—P——
R'=RX---XR
is identified with
i 1—i

R XR'=RX:--+XRXRX---XR.

Clearly, (*) is preserved by compositions. Reparametrizations as above,
satisfying (*), are denoted by (*, k)-rep. and (*, p, k)-rep., respectively.
Let u: Q' >R" be a semialgebraic mapping.

DeriniTion 5. A mapping : Q' — Q' is called a local C*-resolution of u if:

(1) ¢ is k-rep.

(2) There is p=0,1,..., and semialgebraic mappings &:R'—>R", i=
1,...,p, which are analytic in some neighborhood of Q' and satisfy
ld°€le =1, s=1,...,k, such that for any x €Q', &(x)#Z&(x), i#]j, and
7 [(W)XRM)NT] ={&(x), ..., & (x)}

If p=0, y(Q)ND, =.

For u univalent, this definition means simply that £ = u oy is analytic and
satisfies [ d°¢llg¢ =1, s =1,..., k.

DeriniTioN 6. Let u: Q' > R™ be a semialgebraic mapping. Let p >0 be
given.

A Ciresolution ¥ of u is a finite collection of mappings :: Q,—Q', or
$: Q' —>Q', such that U,Im¢=Q', and each o is either a (p k)
reparametrization or a local C*-resolution of u.

If each ¢, satisfies (*), ¥ is called a Cy.-resolution of u.

x (¥) is defined as the number of mappings ¢ in ¥ and d(¥) is defined as (one
of) diagrams d, such that any semialgebraic function ¢, i =1,..., x(¥), can be
represented with the diagram d.
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The main result of this paper is the following:

THEOREM 1. For any semialgebraic mapping u: Q' > R”™, |u|| =1, natural k
and p >0, there exists a Ck.-resolution ¥ of u, with d({) depending only on d(u)
and k, and k(¥)= p |log p|*, where the constants pu and v depend only on d(u)
and k.

COROLLARY 2. Let A C Q' be a semialgebraic set. Let a natural k and p > 0 be
given. Then there exists a semialgebraic A, C A, i=1,...,k, A=\, A, such
that for each i either

A, =Im(¢;),  where §: Q' = Q' is a (k, *)-reparametrization,
or

A; ClIm(¢), where §.: Q,— Q' is a (p, k, *)-reparametrization,
and k = pl|logp |, with u and v depending only on d(A) and k.

PrOOF OF COROLLARY 2. We apply Theorem 1 to the semialgebraic function
U= Xa.

To prove Theorem 1.4 we need another consequence of Theorem 1:

DEFINITION 7. A C*-resolution ¥ of a semialgebraic mapping u: Q' >R™ is
a finite collection of mappings ¢;: Q' = Q', such that U, Im ¢ = D,, and each ¢
is a local C*-resolution of u. If each ; satisfies (*), ¥ is called a C:-resolution.
x(¥) and d(¥) are defined as above.

THEOREM 3. Let u: Q' ->R™ be a semialgebraic mapping, analytic in some
neighborhood of Q'. Assume that |d°ully =M, s=1,...,k +1.

Then for any 0<c,<c, there exists a semialgebraic set A CQ', satisfying
{Hull= e} € A C{llull = c2}, such that for the restriction u’ = u/A of u on the set
A there is a Ci-resolution ¥, with d(¥) depending only on d(u) and k, and
k() = u(log MY, where the constants i and v depend only on d(u), k, ¢, and c..

Assuming Theorem 1 we now prove Theorem 3.

PrOOF OF THEOREM 3. Induction on l. Assume that Theorem 3 is proved for
-1

Consider S ={]|u||=c,} and let i = u/S. d(i) depends only on d(u).

We apply Theorem 1 to the mapping &, with the given k+1 and p =
min(1/c’M, (c.— ¢,)/3cM), where the constants ¢ and ¢’, depending only on k, I,
m, are defined below.

(Notice, that normalizing u in Theorem 1, and then subdividing Q' and
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reparametrizing new cubes linearly, we replace the assumption ||u||=1 by
lu]|= ci. u in the expression for « is then replaced by u - ci.)

We find therefore a C;'-resolution V¥ of i. Those of Y € W, which are local
resolutions of i, will form a part of the required resolution W.

Consider some ¢ = : Q,— Q', which belongs to ¥ and is not a local
resolution of i, but a (p, k + 1, *)-reparametrization.

The mapping i = uc ¢ : Q,—R™ is semialgebraic, with d(ii) depending only
on d(u) and k, and analytic in some neighborhood of Q,. Applying the formula
for the derivatives of a composition (used in [3]), we obtain

|dva

|l=cM, s=1,... k+1, where ¢ depnds only on k, [ and m.

Now consider the restriction & = #/{0} x Q""'. Using the induction assump-
tion, we apply Theorem 3 to this mapping i: Q"' —R™, with the same k +1 and
ci=a+ie—a), ci=c+ic— ).

We find thus a Cresolution ¥ of &' — a restriction of & onto the
semialgebraic A C{0} x Q'™ — satisfying {|a||=c}C A C{l|a]|=c)).

Let y €W, §: Q"' —{0} xQ'~". Consider §": Q,—Ql, ¥’ =Idj,; X i

Let us show first of all that §' satisfies condition (*). It is evident, if Q) is
represented, as it is written above, as [0,p] xQ'™".

Consider a general situation Q.= [0,1]* X[0, p] x[0,1]'*". Then ¥ is a C*-
resolution of & = #/Q? X {0} X Q'™*"". This means that ¢y € ¥ satisfies condition
(%), i.e.

X1,y Xy, Xguzg e s X)
= (il;l(xl, e xl)a l1’2(J‘2a ey xl)’ ceees lﬁq (xqaxqﬂa- . -’xl), ¢q+2(xq+2;---,xl),--~)-
But then
V(X1 .y Xgy Xg1y Xgazs - - -5 X1)

= (l[/l(xh s xl)’ aees l[/q (xq, xq+2; vy xl)a xq+l7 l[lq+2(xq+2’ ey xl)a RS ] 'j;l (xl))

also satisfies (*).
Clearly, |d*§'||<1, s =1,..., k. Hence, as above, |d*d|=c¢'M, s =1,...,k,
with ¢’ depending only on k, I, m, where & = o4’
Moreover, the same inequality is true for any partial derivative of & of order
k +1, containing at least one differentiation with respect to the first coordinate
x, in Q.. Indeed, by the special form of ',
da

0 »_ou '
aX1u 6x1 llJ.
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Then, differentiating this expression k times, we obtain the formula, containing

only the derivatives of ¢’ up to order k, which are bounded by 1, while the

derivatives of @ up to k +1 are bounded by cM, by the inequality above.
Finally, since 4 belongs to the C-resolution of @', we have

ld*(@/i0yxQ™Ml=1, s=1,...,k  where J=<—£,...,£—) )

But, as was shown above,

=c'M, s=1,...,k

d 5.2
4 ad)

and since the size p of Q' in the direction x, satisfies p = 1/¢'M, we get || d*4 || =2
onQ, s=1,...,k

Subdividing Q"', we can assume ld*dl=1,s=1,...,k

Now let a: Q' —Q, be the mapping

(xl, X250y x,)—>(px1, Xoyoeny x,).

For & © a, all the derivatives d remain the same as for 4, but any derivative of 4
containing differentiations with respect to x;,, is multiplied by the positive power
of p.

Since ||d*i||=c'M, s=1,...,k and p =1/c'M, we get

ld:(dea)|<l, s=1,..., k

Now, fica =o' oa = uogod'oa, with ¢" = o ' a: Q' — Q' semialgeb-
raic, analytic and diffeomorphic in some neighborhood of Q', d (") depends only
on d(y) and d(¢'), and hence only on d(u) and k.

Since all the derivatives up to order k of ¢ and ' are bounded by 1, and a is a
linear contraction,

Iy | <c"(k 1), s=1,...,k

Subdividing Q' into the subcubes of the size 1/¢" and reparametrizing linearly,
we obtain new mappings (which we denote also by ¢"), satisfying

ldy"|=1, s=1,...,k
It was shown above that
ld*(ueg=1, s=1,.. ,k

Hence, the mappings " are local C§-resolutions of u. (Since ¢" is a composition
of mappings, satisfying (*), it also satisfies (*).)
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Now we define the required resolution ¥ as the collection of all the mappings
¢ € ¥, which are local resolutions of i, with Im ¢ C Dii, and all the mapping ¢",
built above for those ¢ € ¥, which are not local resolutions of i.

The set A CQ' we define as the union of the images of all the § €.

Clearly, ¥ is a Cj-resolution of u’' = u/A.

It remains to show that

lul=ctc A clllul=ca,

and to count the mappings ¢ €.

Let us prove first that S = {||u]|= ¢,} C A. Let x € S. Since ¥, built above, is a
C*:'-resolution of ii/S, the images of ¢ € ¥ cover Q. If x € Im ¢ for ¢ a local
resolution of i, then Im ¢, N S# & and then Im s, C S. Thus by construction,
Y €V, and hence x EIm , C A.

Let x €Imy; with €WV a (p, k + 1, *)-reparametrization. Let y = ¢'(x),
yEQ,. d(y)=uc-¢(y)=u(x), and hence ||a(y)|=c. Let y =(yy,..., n).

Consider the point y'=(0, y,,..., ) E{0} xQ'™". Since ||dii|| = cM, and p =
(2= c)3eM, la(y)— a(y)|=¥c.—c)) and hence | a(y) = e, +Hea— ) =cl;
therefore y' € D,..

But then y' is covered by one of the mappings belonging to the resolution ¥
of @', and consequently, y €Imy’, where ' =1Idy,, X §, and x = ¢s(y) is
contained in the image of some of " = ¢y’ o a. Since Y"E VY, x € A.

Conversely, let x€A. If x €Elmys, with ¢ € ¥ a local resolution and
Imy; CS, then x €S ={{ul|=c}

Let x €Imy". Then u(x)=i(y), where y =¢;'(x)EQ,. Let, as above,
y=0..,9), ¥y =0,ys...,y). Since y EIm ', y'ED,, ie. |[a(y)|=ci=
¢1+3(c.—¢,). But, as above,

fay)- a(y)l=3(c.— ),
and we obtain
||u(x)]| =la(y)|=ci+ic.—c)+ila—c)=ca.

Hence x €{ul|=c.}, and A C{{lul|=c,}.
To bound the number of mappings in ¥ we notice that by Theorem 1, the
number of mappings in V¥ is at most

ki =cipllogpl” = cip: - En(log M),

where w1, and v; depend only on d(u) and k, and ¢ dependson k, [, m, ¢; and c..
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Some of these mappings we reparametrize, using an inductive assumption for
Theorem 3, by at most x, new mappings, with

K2 = wa(log cM)™ = éu,(log M),

where ¢ depends only on k, [, m (we assume M = 1), u and v» depend on d(it),
k, ci, ¢3, i.e. only on d(u), k, ¢, c..

Some of the new mappings we reparametrize linearly by at most 2'~' new
mappings, and then once more by (¢”)’ new mappings. Thus

kW =k ko270 (e
= i€ (log MY - Euy(log M) - 27 (¢
= p(log M),

with u and v depending only on d(u), k, ¢, and c..
Theorem 3 is proved.

Proor oF THEOREM 1. We use induction on I For [ =0 the statement is
evident. So let us assume that for [ —1=0 Theorem 1 is proved.

Let u: Q' —R"™ be a semialgebraic mapping, |u|| =1, and let a natural k and
p >0 be given.

We have to find a Ck.-resolution ¥ of u, with d(¥) depending only on d(u)
and k and k(W)= ullogp /.

First we show that it is enough to prove a weaker version of this theorem.

DeriniTioN 8. §: Q' —> Q' is called a local C**-resolutionof u, g =1,...,k,
if it satisfies the condition (1) of Definition 5, and condition (2), with the
inequality ||d*& e =1, s =1,...,k, replaced by [|[d°¢ e =1, s=1,...,4q.

A C*%resolution of u is defined respectively, as well as a CiZ-resolution.

C**_resolutions then coincide with C*-resolutions, defined above.

LeEMMA 4. If for any u as above, k, p, there exists a C;'-resolution with the
required properties, then there exists also a Cj-resolution.

Proor. Induction by q. Let ¥ be a Cyresolution of u. Those of ¢ €Y,
which are (p, k)-reparametrization, will appear also in the required Cy?*'-
resolution. So let ¢ €W, ¢: Q' > Q/, be a local C**-resolution of u.

The composition uey is represented by p semialgebraic mappings
&:Q'—-R™ i=1,...,p, which are analytic in the neighborhood of Q' and
satisfy |d°€llot =1, s=1,...,4q.
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Consider the semialgebraic mapping

p
P

w: Q' > WX WX X W, w(x)=(d(x),...,d"¢ (x)),

where W is the space of g-polylinear mappings R'—R", and the norm in
WX---X W is defined as the maximum of norms in W. Let ¥ be the
C%-resolution of w. (By assumption, |wl=1) If yE€¥ is a (p k)
reparametrization, then also @4 is a (p, k)-reparametrization (maybe after
subdividing Q' into a number of smaller subcubes, depending only on k and /,
and linear reparametrizations).

So assume that ¢ € ¥ is a local C*'-resolution of w. This means, in particular,
that || d(w ° )| = 1, where d denotes the differentiation with respect to the “new
coordinates”. By definition of w we obtain

ld(d e)-9)l=1, i=1,...,p

Now we show that ||d*(&<¢)|l, s=1,...,q +1, are bounded by constants,
depending only on k, [, m.

For s=1,...,q this follows immediately from the fact that |d°*&||=1,
s=1,...,q, and |d°¥||=1, s=1,...,k, since  €¥. Now,

d'(& ) =2 d’t ($)° p; (d),

where p; are the standard polynomials in derivatives of  up to order q. Hence
d'(6 o) = d(d* (& 9) = 2, d'E@)° py(dw) + d'6(F)° d(py (d9)).

The second term for each j =1,..., q is bounded by a constant, depending
only on k, I, m, since

Ide@l=1, j=1....q

by assumptions, and
ldgll=1 fors=1,....q+1=k.

The first term for j =< q — 1 has the form d’*'& () d < p;(d (¥), and hence is
bounded by the constant of the same type. For j=q we have
d(d*& (§))e p, (dh), but ||d(d*& ($))| =1, as was shown above.

Thus |d’(&°¢)|=C,s=1,...,9+1,i=1,...,p, with C depending only on
k, I, m. Subdividing Q' into the subcubes of the size 1/C and reparametrizing
linearly, we obtain
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|

Hence ¢ o¢: Q' —Q', with mappings &/ =& oy =uo(yog),i=1,....p, is a
local C***'-resolution of wu.

The diagram of any of the reparametrizations constructed depends only on
d(u) and k (here we use the fact that the diagram of the derivatives of a
semialgebraic mapping depends only on its diagram).

The number of reparametrizations is at most

& P)=1, s=1,...,q+1.

v+,

& k(W) k(P)=¢ - pillogp |- pllogp|™ = épip.|logp |,

where ¢ depends only on k, I, m, and u,, p., v\, v> depend only on d(u) and k.
Notice also that the property (*) is preserved in our construction.
Lemma 4 is proved.

It remains to prove the existence of Cj'-resolutions.

Let u: Q' —>R™ be a semialgebraic mapping given by an [-dimensional
semialgebraic subset I', CQ' XR™.

Let %, CT. be the subset, consisting of all the singular points of T,. (In the
case of real algebraic and semialgebraic sets the definition of singular points
involves some difficulties; we can use, for example, the following construction:
there exists a stratification of a given semialgebraic set I',, with a diagram,
depending only on d{(u). Then we take as 3, the union of all the strata of
dimensions =1 —1 in this stratification. (The same remark concerns the set 2,
below.)

Thus 3, is a closed semialgebraic set in R' X R™, of dimension at most [ — 1.

Let 3, be the set of critical points of the projection /Iy, where 7r:
R' XR™"—>R". The dimension of =, can be I, but dim#(Z))=<I[-1. Thus
A, =72, UZ]) is a closed semialgebraic subset in Q' of dimension at most
-1

Finally denote by A the set A, U aD, U dQ". d(A) depends only on d(u) and
dimA=1[-1.

By construction of A, over each connected component S; of Q'\A, u is
represented by p; analytic mappings

ni: S—R™ j=1,...,p, Mi(x)#n,(x) foreachx €S, ji#j.

Now AC Q' =[0,1}x Q' is a closed semialgebraic subset of dimension [ —1,
so A can be considered as the graph I'; of the semialgebraic function
8:Q"'—>R, x,=8(x,,...,x), where x,,...,x are the coordinates in Q'. We
have |8 =1.
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Using the induction assumption, we apply Theorem 1 to the function 6 of [ — 1
variables. Let ¥’ be the Ck ,-resolution of 8.

Let '€V be a (p, k,*)-reparametrization. ¢’ is a mapping of Q,"'—
{0} xQ'"". Then the mapping

Y =Idpy X ¢': [0,1]x Q" —[0,1]x Q"

is a (p, k, *)-reparametrization. All the mappings ¢, obtained in this way, will
form a part of the required resolution W,

Now let ¢’ € ¥ be a local resolution of 8, ¢'": Q"' — {0} x Q'"'. By definition,
AN([0,1] xIm ¢’) consists of r hypersurfaces

N=a (X X)X = aa(Xay o X )y, X = 0 (X, Xr).

o <a,<---<a for any x'=(x...,x)EImy¢’', and ¢ satisfy
| (ogH=1,i=1,...,r,s=1,... k.
Fix some i =1,...,r—1, and define ¢;: Q' —Q' by

(4, x") = (o (Y' (X)) + o ('(x7) — a (P'(x)), ¥'(x),

where x’€ Q'"".

Clearly, ¢ is an analytic diffeomorphism of some neighborhood of Q', and
since ¢’ satisfies (*), the expression for ¢ shows that it also satisfies (*).

The diagram d () depends only on the diagrams d(8) and d(¢'), and hence,
only on d(u) and k.

Finally, since ||d*(a;o¢)[|=1 and |d’¢'||=1, s=1,...,k also |[d’¢||=2,
and subdividing Q' into 2' subcubes and reparametrizing linearly, we can assume
that |d*||=1,i=1,... k

Now from ¢ we construct three reparametrizations: ¢} = ¢ /[0,p]xQ'",

"=4yi/[p,1-p]xQ"", composed with the linear mapping of Q' onto
[ 1-p]xQ"", and ¢ =y /[1-p, 1] xQ"".

Thus ¢ and ¢; are the (p, k, *)-reparametrizations, and they will also
participate in the required resolution W.

Clearly, the images of all the reparametrizations constructed, cover Q'. It
remains to transform the mappings of the form " above into the local
Ck.-resolutions of u.

By construction, Im ¢/ is contained in one of connected components of Q' \ A,
say ;. Then u oy} is represented by p; analytic mappings ne¢i, g =1,..., p.

Moreover, transforming subsequently each coordinate function of these
mappings, we can reduce the problem to the case of a real semialgebraic

function. Thus it is sufficient to prove the following lemma:
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LemMma 5. Let u:Q'—>R be a semialgebraic function, analytic on some
neighborhood of Q' and satisfying on Q' the inequality 0=u =1. Then for a
natural k and p >0, there exists a Chi-resolution ¥ of u, with d(¥) depending
only on d(u) and k, and

k(¥)= pn(d(u), k)llog p |,

PrOOF. We use induction on the number of variables, with respect to which
the first derivatives of u are already small.

DEerFNITION 9. : Q' — Q' is called a local C*""-resolution of u, if ¢ is
(k, *)-reparametrization and

uod)

8x,-

A Ckl™resolution of u is defined respectively.

For r =1 we obtain C*'-resolutions.

To start the induction on r, let us prove the existence of C+''-resolutions.

Let, as above, x;,...,x be the coordinates in Q' Consider in Q' the
semialgebraic subset

' ou d’u
s=a U {2 o u{ZEno).
(If one or both of the derivatives are identically zero, we do not consider the
corresponding equation.)

d(A) depends only on d(u) and dimA=1-1.

Consider AC[0,1]x Q""" as the graph I's of the semialgebraic function
X, =8(xz,..., %)

We apply Theorem 1 to the function & of /—1 variables. Let ¥’ be a
C.-resolution of 8. Exactly as above we use ¥ to produce reparametrizations
¥: Q' — Q' satisfying (*), whose images cover Q'. Some of ¢ are p-small, and
others have the form

Pt x)=(a(@'@N+ta' W)~ a@' =N, '), «'>a

and their images are contained in connected components of Q' \A.

For any ¢ of this form consider the composition u'=u<§. From the
expression for ¢ it is clear that the partial derivatives of u’ with respect to the
first coordinate are equal to the corresponding derivatives of u, multiplied by
positive constants. Hence du’/dx, and 8’u’/dx} do not change signs on all Q.
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Assume, for example, that du'/dx, =0, 3’u'/dx; = 0. (Other cases are consi-
dered exactly in the same way.) Then du'/dx; is nondecreasing on any ‘“‘vertical”
line x' = (x,...,X)=const.

Consider the subcubes

Q=[1-(/2y",1-2Y]1xQ"",  j=1,....[llogp|]+1.

We claim that for any x €Q),
ili: <9
o, (x)=2.

Indeed, if for x = (x,,x’), x,=1—(1/2), du'/dx,>2, then at any point (y, x"),
y =1-(1/2), also du'/dx,>?2". Hence

' ' ’ it ! ou’ ’
W)= -t = [y xnay>1,
-2y 0%
and this contradicts the inequality 0=u'=<1.
Now we reparametrize each Qj by the mapping

B:Q —Q, B(tx)=01—1/2y"+(1/2) - t,x").

Since

!

i 'o —a_u’. Qu_ i !
5 WeB)=5-(12), and 3552 onQ,
we get
|a(u'eB)/dx,|<1 on Q.

The part of Q', which is not covered by Q}, has the form [1—p’, 1] xQ"",
where p’ = (1/2)"*"™! < p. Hence this part is the image of a (linear) (p, k, *)-
reparametrization.

Thus we constructed a C;.'-resolution of u, with the required diagram and
number of reparametrizations.

Notice that just in this construction the necessity of p-small reparametriza-
tions and the number |log p | of partitions appear explicitly, as well as the using
of the condition ||u||=<1. In the rest of the proof these points are somewhat
obscure, because the induction arguments are used.

So let us assume that the required Cj."-resolution of u is constructed, r = 1.
We want to transform it to Cy."*'-resolution by further subdivision of its local
resolutions. Considering one of these local resolutions, we can assume that
u: Q' >R, 0= u =1, satisfies |du/dx;|o' =1, i=1,...,r
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Define ACQ' as

du d’u _}
aQ U {axr-ﬂ h 0] U {axlaxr-ﬂ _0 ’
and let 8(x,,...,x) be the function with the graph I'; = A,
Now we apply Theorem 1 to two functions of / — 1 variables simultaneously: &
and u/A (they can be considered as the coordinates of the semialgebraic

mapping to the plane). Let ¥ be a corresponding C.-resolution and let ' € ¥’
be a local resolution. Thus A over Im ¢ in {0} X Q' ™' consists of p hypersurfaces

Xi=0(Xay ey Xt)y ooy X0 = A (X2, ..oy Xy), a <a,<- - <a,
and

|d*(aeg)=1 and ||d°(u(aio¢', ¢'DI=1, s=1,...,k i=1,...,p

Denote the coordinates in the source of ¢': Q'—{0} X Q'™ by v,,..., v, and
rewrite the above inequalities for s =1 in a more explicit form:

d(“°¢)§ j=2...1
and
du d ou | - -
0x, dv ¢)+26xq oy, =L j=2..0

where ¢'(V)=(0,¢3,..., ).
Since ' satisfies condition (*) we have d¢./dv; =0 for j<gq. Thus, for
j = r+1, the inequalities above take the form

1
) du )+'i' u g |
ax, du,+ axq I

Now, since r=1, [du/dx g =1, as well as |du/dx,|o;, for g=r Also
|0/ dv|=1, q=2,...,r+1, since ¢' is a C*-reparametrization.

Hence all the terms in (1), except the last one, are bounded by 1, and since all
the expression (1) is bounded by 1, we obtain

Ju v o a}!{yﬂ -1
—— 1 . <
. (a;s ¢’ ¥') | = r+1 onQ ',

and this inequality is satisfied on each hypersurface a;, i =1,...,p.
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Now we fixsome i =1,...,p —1, and reparametrize the part of Q', lying over
Im ¢’ between the hypersurfaces «; and .1, by ¥: Q' > Q'
Pt v) = (o' (v)+ (i o' (V) — i o ¢¥'(v)), ¥'(v)).
We prove that for u' =u-,

!

<c¢ and l%‘;—‘éc, j=2...,r+1, onQ),
J

au'

where ¢ depends only on r.
For du'/dt we have

au _ u
6! ax (CYH—I a;)él.
For j=2,...,r
ow _ou (o o [0 _ 9 o u
@ 5y T, (av,- % "’)“(au,- (@iod’) (“' ‘”)) Z x, av

and since all the terms in this expression are bounded by 1, we get |[du'/dv, | =
c(r) on Q..
Finally, for du’/dv,., we obtain

W (ay+s 2 en

oV, axr+l My’

where the expression (A ) contains exactly the same terms as (2) with v; replaced
by v,.;. All these terms are bounded by 1, therefore |(A)| = c¢(r). It remains to
estimate the last term.

Each point of the image of ¢ has the form (x,,¢'(v)), v €Q'', where
a o (V)EX S ano ' (v).

Now by construction, the interior of the Im is contained in Q'\A, i.e.
du/dx,., and 9°u/dx,dx,., preserve sign there. In particular, du/dx,., is
monotone on each “vertical” line x'=(x,,...,x)=const, inside the Im .
Hence the following inequality is satisfied:

2 (@, 00D

o, (e

2 (et @O ).

<max(

for any x,; satisfying o, o (v) = x; = a0 '(v).
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But we have shown above that on hypersurfaces a; the inequality

du RPN I 1/
ax’+l (al ‘p,d’)l 3v,+1 =r+1
is satisfied. Hence at any point in Im ¢,
u i) <4,
axr-H avr+l
and
dul < af ]
o | =€ {(r) onQ.

By the standard additional subdivision we can get

u

= j =
2, =1, j=1L..,r+1l

This completes the proof of Lemma 5 and Theorem 1.

Now we complete the proof of theorem 2.1 of [3], and hence also the proof of
the main theorem 1.4.

The first two steps in the proof, given in [3], remain the same. Note only that in
fact, for the Taylor polynomial p of g, built there, we have

g —plet = c(k, L, m),
and not only ||g — p|lc, as was used in [3]. In particular we get
ldpll=c'M, s=1,...,k+1.

Now at step 3, instead of working with the semialgebraic set $’' ={||p|| =3}, we
apply Theorem 3 to the polynomial p. We find a C*-resolution ¥ of p/A, where
S'CA, and k(W)= n(logM)".

Let ¢ €¥. By definition of ¥,

ld*ewli=1, s=1...k
But then the inequality {|g — plic- = ¢ implies

ld (gew)i=c", s=1,...,k
Indeed,

ld* (pow)—d* (g )| = 2 |dip(¥) - dig@)]- Ip ()| = c - " =",
where ¢” is the bound for | p; (dy)f.
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By the standard additional subdivision we get now

ld*(ge)|=1, s=1,...,k

The images of ¢ cover A D S'D S. Thus the reparametrizations ¢ satisfy the
conditions of Theorem 2.1, and their number does not exceed
é(k, L m)- M" - u(k,I, m)(log M)**"™_ Theorem 2.1 is proved.

Added in proof. Recently M. Gromov and the author improved the result of
Theorems 1, 2 and 3, obtaining the bound for «(¥), depending only on d(u) and
k (see [2]). The detailed proof will appear separately.
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